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Abstract

The Walsh system will be investigated in the Kaczmarz rearrangement. In an earlier paper
we have shown that the maximal operator of the (C,1)-means of the Walsh-Kaczmarz—
Fourier series is bounded from the dyadic Hardy space H” into L? for every %<p< 1. In the
present work, we extend this result to the (C, «) means when 0 <o <1 and prove their maximal
operator ¢ : H? — I” is bounded for all 1/(« + 1) <p<1. By known results on interpolation
we get from this theorem that ¢* is of weak type (1,1) and bounded from L7 into L7 if
1 <g< oo. Moreover, the (C,«) means of an integrable function f converge to f a.e.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The first result on the a.e. convergence of the (C,1) means of Walsh—Fourier series
is due to Fine [1], if the Walsh functions are considered by Paley’s ordering. This
result follows also from a maximal inequality of Schipp [4]. Namely, Schipp proved
that the maximal operator ay,p of the (C,1) summation with respect to the Walsh—
Paley Fourier—series is of weak type (1,1) and bounded from I7 to I” when
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l<p< . In the case p = 1 this boundedness is not true but gy is bounded as a
map from the dyadic Hardy space H' to L' (see [2] or [6]). Later some extensions are
proved by Weisz [10], for example that oy : H” — L is bounded for every $<p<1.
A counterexample shows that this result fails to hold for 0<p<1/2 (see [8]).

The so-called Walsh—Kaczmarz system was also investigated by many authors.
Thus the Kaczmarz analogue of Schipp’s results was given by Gat [3]. Moreover, he
proved also an (H!,L')-like inequality ||ow/Il;<|Iflll;n (FeH"). In [7] we
have shown that the theorem of Weisz mentioned above remains true for oy
instead of oiyp.

The maximal operator op (0<a<1) of the (C,a) means of the Walsh—Paley
Fourier-series was investigated by Weisz [11]. In his paper Weisz proved the
boundedness of o3p : H? - L7 when 1/(o + 1) <p<1. In the present work the exact
analogue of this statement will be shown for o%, i.e. for the maximal operator of
the Walsh-Kaczmarz (C, o) summation. To this end we prove also the uniform L!-
boundedness of the Walsh-Kaczmarz (C,a) kernels which implies evidently that
ok 1 LY —L* is bounded. We remark that known theorems on interpolation
imply the weak typeness (1,1) of o%x and the boundedness of oy :
LF>L* (1<s< o). Moreover, by standard density argument the a.e. convergence
of the Walsh-Kaczmarz (C,«) means follows for every integrable function. This is
an extension of a theorem on the (C,1) summation of Gat [3].

2. Definitions and notations

The Walsh—Paley system is a special product system generated by the so-called
Rademacher functions r, (neN = {0, 1, ... }). To their definition let r be the function
given on the interval [0, 1) by

1 (0<x<1/2),
r(x):{—l (1/2<x<1)

and extended to the whole real line R periodically by 1. Now, define r,(x) == r(2"x)
(x€[0,1],neN). Then the usual product system (w,,neN) of r,’s is obtained in the
following way:

o0
Wy = H e (neN),
k=0

where n = > m2¥ is the binary decomposition of n, i.e. nye{0,1}(keN). It is
well-known (for details see the book [5]) that (w,,neN) is a complete orthonormal
system with respect to the Lebesgue measure of [0,1]. Denote Dy :=

Zj'(;ol w; (keN, Dy = 0) the kth Walsh-Dirichlet kernel. Then a basic property of
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the Walsh functions is
2" (0<x<2™)
Dy(x) = (neN). (1)
0 (27"<x<1)

The interval [0, 1) can be treated as the so-called dyadic group, i.e. the set of all 01
sequences (xi,keN) (xxe{0,1} (keN)). The group operation + is the coordinate-
wise addition modulo 2, ie. if x=(xt,keN), y= (yr,keN) then x+y:=
(xx ® yr,keN), where a® b denotes the addition modulo 2 of a,beN. For example,
the Rademacher functions can be computed in this sense as r,(x) = (—1)"
(x€[0,1),neN). Furthermore, Dy =2"y, (neN) where I, is the set of all
(xx, keN) such that xo = x; = --- = x,_1 = 0 and y; is its characteristic function.

The Walsh-Fejér kernels K, (0<neN) play also an important part in our
investigations:

1 n n—1 k
K, =- = —— .
n= Z D, Z (1 H)Wk
Jj=1 k=0
Let Ky = 0. The next estimation with respect to K,’s will be used often in this
work: if xe[0,1),0<neN then
[Ka(x)|< Y 277N " (Dy(x) + Dy(x+2771)) (2°<n<2). (2)
J=0 =
From this it follows by (1) the uniform L!-boundedness of K,,’s:
sup [|Kyl|; < o0. (3)
n
In this work the so-called Kaczmarz rearrangement (¥,,neN) (called Walsh—

Kaczmarz system) of (w,,neN) will be investigated, where ¥,’s are defined in the
following way. If O<neN then there is a unique seN such that the binary

representation of 7 is of the form n = 2* + 37 m2*. Then let

s—1
Y, =r H e
k=0
and ¥y = wy. It is not hard to see that ¥on = won = 1, and {¥Wy : k =2m ... 2"+
1} = {wg : k=27, ...,2"" — 1} (meN). Furthermore, if
Ts(x) = (xsfl y Xs—2y «oey X1, X0, Xgy Xgt1, ) (XE [Oa l))
then
Y, (x) = wu(ts(x)) = ro(X)wy—2s (14(x)). 4)

It is clear that (¥,,neN) is also a complete orthonormal system and D, (7;(x)) =
Dyi(x) (jeN,x€]0,1)).
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Let 0O<a<1,keN and
k

AZ::Haj_i.

i=1

Then the nth (C,a) Walsh—Kaczmarz Fejér kernel with respect to ¥i’s will be
denoted by

1 n—1

A= S AL W (0<neN).
n—1 k=0

Furthermore, let
1
o (x) = / FOAH (x40 di - (xe]0,1),neN)
0

the nth (C,«) Walsh-Kaczmarz Fejér mean of f € L'[0, 1). The next maximal operator
will be investigated in the further sections:

o’f = sup |o5f].

We remark (see e.g. [14]) that A7 ~O(k*) (k— o).

3. Hardy spaces

Here, we give only the most important concepts with respect to the dyadic Hardy
spaces. (For details see, ¢.g. the books of [9,12].) To this end let the maximal function
of feL'[0,1) be given by

rw=sw 2| ; f‘ (xe[0, 1))

and for 0<p< oo denote H”[0, 1) the space of f’s for which ||f]|,, = ||f*[|, < .

A function ae L*[0, 1) is called a p-atom if either a is identically equal to 1 or if
there exists a dyadic interval I = x+1Iy for some NeN, xel0, 1) such that

1
supp a<1,|lafl,, <2V and /a:o‘
0

We shall say that a is supported on 1.

A sublinear operator T which maps H?”[0,1) into the collection of measurable
functions defined on [0,1) will be called p-quasi-local if there exists a constant C,
such that

/ Taf’ <G, (5)
[0,

for every p-atom a supported on [I. (Here and later C,,C will denote
positive constants depending at most on p and «, although not always the same
in different occurrences.) Assume the L®-boundedness of 7, ie. that
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N7, <ClIfll, (feL*[0,1)). Then it is known that for 7 to be bounded from
H?[0,1) to L?[0,1) it is sufficient that T is p-quasi-local.

4. Cesaro summability

First of all we show the analogue of (3) for &#7’s, i.e. that the 7, (neN) kernels
are uniformly L!-bounded. In other words the following theorem holds:

Theorem 1. For all 0<o<1 we have

sup [|A7[]; < co.
n

This statement implies evidently the next corollary:

Corollary 1. The maximal operator ¢* (0<a<1) is of type (o0, ), ie.
1o/ 11, <CIIfIl,. (FeL™[0,1)).

Further we deal with the (H?, L?)-boundedness of ¢*. We remember the special
case o = 1, i.e. (see [7]) that ¢! : H?[0,1)— L”[0,1) is bounded when p>1/2. Now,
we extend this theorem to 0 <o <1 and show

Theorem 2. Let 0<oa<1 and 1/(a+ 1)<p<1. Then

NS, <Clf Wl (F€H[0,1)).

Applying known results on interpolation (see e.g. the books [9,12]) we get

Corollary 2. For every O0<a<l and l<p<oo the maximal operator o* :
Lr[0,1)> L7[0,1) is bounded. Moreover, ¢* is of weak type (1,1) and
a*f —>f (n— o) ae if feL'[0,1).

5. Proof of theorems

Theorem 1 is a direct consequence of (3) if « =1 (see e.g. [7]). Hence it can be
assumed that O<a<1.

Let n=737_, 2™ be the binary decomposition of 0<neN, where neN (k =
1,...,q) and me>my (k=1,...,9 —1). Then "}, can be written as the sum %, +
A, with

Y 1 2M—1 y » 1 n—1 y
Ao = g Z Ay Vs Ay =—— Z A1 ¥ (6)
Anfl k=0 Anfl f=2m
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Applying (4) we get for xe[0,1)

y 1 nlfl -1
,%/nl(x)—lﬁL 3 Z Z —(@H—1— k)qu/“ 1 k( )
n—1 j=0
1 nlfl
:1+A“ Z Z Ay oy Warn 1 (17(x))

n—1 j=0 k=0
21

1 n1—l
=1+ Ay oy wain -1 (17(x) ) wie (7(x))
n=1 j=0 k=0
= V-1
=1+ w1 (g ZAn etk (Di (5(%)) = De(%(x)))-
n=1 j=0 =

Therefore by Abel transformation it follows that

n—1 2
5002 g S w909 (3 4 D510

nl,

-1
-> AZ_zf+l+ka(’~'_/(X))>

k=0

x))Ay 5 1Dy (7(x))

n 1 j=
ni—1 21
Z (An_zip1 — An_yor 1) Di(zi(x))
n 1 j= k=1

I’l1]

X)) A5 51Dy (7(x))

—1

. a ~oc1 o2
E : Waiti—1 T] § : n— 2/+1+ka Tl( x)) =: Ao+ A
n 1= k=1

Taking into consideration Dy = kKj — (k — 1)Kj—; (0<keN) we can transform
A2 as follows:

21

0(2 2 : § :
% Woj+1_1 ‘C] An 2t 4k

k=1

nl/()

X (kK (7j(x)) = (k = 1) K1 (7(x)))

Z Wojsl_| '5/ (Z An 2+ 1k kKk(Tj(x))

nlj()
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— Z An 2/+1+k+1kKk(Tj(x)))>

n — 1
Z Woj+1_1 ‘C] (2 — I)AZ é, sz—l(‘[j(x))
n 1 j=0
ny— 1
Z wyir_1(T;(x Z kA~ 2,+1+A+1Kk(‘fj(x))
n 1=
=:A(x) + B(x).
Now, if we apply estimation (2) it follows for B(x) that
j=1 21
[B(x)| < € Z D SRF= TN DB SEL
s=1 [=2s-1 i=0 m=0

(sz(fjfl (X)) + Dai(tj-1(x)+em))

m_j=2 =1 21

<Cn Y S =240 Z om

Jj=1 i=0 s=i+1 [=2s"1 m=0

S
\.
I\)

=Cn~ Z ;Y 2"(Dy(tj1(x)) + Dyi(tj1(x)+em))

-2
< Cn™* i ]Z: Oty <2iD2, Tj— 1 Z 2mD2: T/ 1 +€m)>

m=0

where e, =21 =(0,...,0,1,0, ---) and

Jj=1  25—1 2j-1
=D, D ("—2'+1>“72<C/2,- (n—2 +x)? de< C207D).

s=i+1 [=2s-1

An analogous calculation shows that the same estimation holds for 4(x) instead
of B(x). Thus #*3(x) can be estimated as

|2 (x) i221“1<2D2,I,1 +Z2D2,f,1 +em)>

j=1 m=0

Applying (1) the previous estimation implies for ||# 3|, that
n o j=2 Jj=2 2my

|3 |\]<Cn’“z > 2l 2’<Cn’“z Zz”‘<c

i=0 i=0
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The L'-norm estimation of % “l is very simple. Indeed, taking into account
wyr_1(tj(x)) = r;(x) when xp = --- = x;_; = 0 it follows by (1) that

wais1_1 (17(x)) Do (x) = 1j(x) Doy (x) = Dyj1(x) — Doj(x),
ie.

n11

%C{l( _

n-2-1(D2+1(x) = Dy (x))
n 1 j=

n—1
(ZAV!Q/Il ZAHZJIZ’X)>

1 1
=1+ A,{ AZ o=l 1D2”‘( x) — AZ 2

AO{
1 n—1
T 2 M~ 4 D)
n—1 j=]
from which by (1)
}’llfl
||‘%/111H1 A“ Z (An 2-1-1 An 2 1)
n—1 j=1
1 o o
:C+AT(An 2= Ay ) <C
n—1

follows.
Now, we investigate #7,(x) (x€]0, 1)) (for the idee see [13] or [11,12]):

1 n—1 1 g—1 2M 4o D1 —]
Moo = D A V) =Y D A )
n—1 j=2m

n—1 k=1 j=2"4...42"%
1 qg—1 2"%+1—1

i o
T § : E , Ay (27 4o 21— ] J)Tz”‘+ A2kl — 1_,(x)
n—1 j=1 j=0

1 -1 M+l — ]
=7 Z Woni oot 1 (Tyy (X)) Z An_ompomen )5 (T ()
n—1 k=1 Jj=0
2]
= 2 W2t (T (V) D An ey (7 (1)
n—1 k=2 Jj=0

M 1

A“ Z W1 (T, (X Z A +jw, T, (X)),
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where n*) =n — Zf;l 2% (k=1,...,q). By means of Abel transformation this
yields >

2" —1

D W (0, () A (D (o, () — D5 ()
=0

n—1 g=2

A (x) =

1 < >
Ve Z Wn—n“f)—l(TnI (.X')) (Z An(k)+j71Dj<TVll (X))
=

n—1 j=>2

2k —1
- Z AZ(k>+ij(Tm (x)))
j=0

1 q
A Z Wh_nlk)—1 (Tnl (X)) (A:(k)+2"k 71D2”’< (Tﬂl (X))
n—1 j=2

M ]
=) A Dy (X))>

J=1

1 1 o
= A* Z Wy—nk) -1 (Tnl (x))An(k*Ulez"k (TVll (X))
n—1 g=>2

2"k —1

1 d a—l .
— o 2 a1 (T (%) Z ALK, (5)
j:

n—1 j=2

= (= DKj-1 (70 (x)))

1 4 o
:Agg | kZ: Wn7n<k>71(f’ll (x))An(kﬂ)_]DZ"k (Tm (x))
n—-1 k=2

| e
- A Z Wh—nk -1 (TH] (X)) ( Z ]An(k)l+jl(}(fn1 (X))
Jj=1

n—=1l j=2
2% -2
- qo—1
- Z ]An(")JerrlI(j(T”l (X))
=0
1 q
ST > W1 (T (X)) A%y - Do (T, (x))
n—1 j=2
1 4 4
T Z W1 (Tny (X)) Ay (2" = 1) Kome—1 (T (x))
n—=l j=2
1 q 2" =2
. 02
+A°‘ Z Wn—n(")—l(fnl(x)) Z JAZ(k)_._j+11<j(Tn1 (x))
n—1 j=2 =1

= A2 (x) + HE(x) + ().
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fﬁ”l

First we deal with

(’,l(kfl))oc

M=

q
||‘%/;2H1 <Cn” Z AZ(/{*])_] <Cn™*
k=2

T
S}

q
< Cn—* Z i < Cn~%0m < C.
k=2

Now, we investigate ||#%]|,:

q
1730 < Cn Y 2 (n* ) Ko
k=2
q
< Cn—* Z 2nk2(a71)nk < Cn~%m <C.
k=2

Finally, ||#||, can be estimated by (3) as follows:

ro 2% =2

g 03 - . )
A5l < Cn™* Z Z J|AZ<k>+;+1H|Kj||1
k=2 j=1

roome—1 21—

NP WY

k=2 1=0 =2

rom—l 2
SO OD WICRETED o
k=2 1=0 j=2!
r nkfl r l’l;\»fl
<Cn® Z Z (n(k) + 2])0!7222/< Cn™* Z Z 2(0(*2)122]
k=2 1=0 k=2 1=0

r
<Cn? 2% L C.
k=2

This proves Theorem 1. O

Proof of Theorem 2. For the special case « =1 see [7]. Thus let 0<a<1 and
1/(e+1)<p<1l. We need to show that ¢ is p-quasi-local. To this end let a
be a p-atom supported on Iy for some NeN. Then for all neN the assumption
n<2" implies o%a =0, therefore ¢”a =sup, ., |0%a|. For neN, n>2V we
use the decomposition n=>"7_ 2™ with n,eN (k=1,...,q) and me>msy (k=
1,...,q — 1). Furthermore, we can assume n;>N. As in the proof of Theorem 1
(see (6)) let £, be decomposed as A", = A, + A}, i.e. oha = o%a + olha where
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for xe10,1)
1 1
ol a(x) = / a(t) A (x+t)dt, opa(x) = / a(t) A%, (x+1) dt.
0 0

Here (see again the proof of Theorem 1) A7 =X, “l +Ji” which implies the

decomposition 6% a = ¢%la + ¢’}a by means

1 1
ol a(x) = /0 () (x£0) di,  oCa(x) = /0 a() A2 (i) dt (xelo,1)).

nl —

If xe[0,1)\Iy then by (1) fo (x+t) dt=0 holds for all j=0,...,2™.
Therefore (see the proof of Theorem 1 for #%}) we get e%la(x) = 0.

Now, we consider ¢%3(x) for xe€[0, 1)\Iy. Taking into account the estimation for
A2 (x) (see the proof of Theorem 1) we get

m_ =2
oA (x)| < Cn2Vr 3 N 2(“_1)1(2'/ Dai(tj-1(x-+1)) dt
=1 =0 Iy

i—1

+ Z om / DZi(ijl (xJ}t)qL'em) dt)

m=0 Iy
N+1 n
= Cn 22N/ <Z R Z ) =: C(0un(x) + Apn(x)).
=1 j=N+2

First we investigate 0,y (x). Since x€0,1)\/y thus there exists a unique s =
0,...,N — 1 such that xe I,\;;;. Decompose 0,y (x) in the following way: d,x(x) =

Cn22V/P (3 4+ 30+, Then

s+1 -2

n—mzN/PZ :n_“i Z (=i (2’ Dyi(x+t) dt

i=0

—1
Z /Dz, x+t+€m)d>

o Iy

where by the basic relation (1) Dai(x+t4e,) =0, Dyu(x+t) =2 for all tely.
Therefore

s+1 s+l j=2 o
n#oN/p Z o =g N/p Z 5 (a=1)ini Dy (X—lil) dt
A j=1 =0 Iy
s+l j=2
— nfotzN/ 2(1+1)i27N < C2N(1/]J70{71)2(d+1>s.
j=1 =0
To the estimation of n "2V /PZN ﬁz -« let the mnatural numbers 7, :=

s<y;<--<yp,<N—1 be given, y = (yy,...,7,) and define A, as the set of all
zel\ . such that z,, =z, 1 =+ =z, 1 =1 when [ is even and z,, =z, ;| =
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=Zy,-1 =0 when / is odd (/=0,...,v). Then |J, 4, is a pairwise disjoint
decomposition of I\l,y; where the measure of each A, is 2-N. Furthermore, if
X€Agy,j=5+2,...,N+1landi=0,...,j — 2 then by (1) Dai(tj_; (x+1)) #0 (t€ly)
iff j —2€[y;,7,4) for some odd / =1, ...,v and i<j — y; — 1. Thus we can conclude
for xe Ay, that

n=*2N/P s CnmM2NP A
j=s42 Il is odd j=y+2 i=0
IS EEDS
+ CnfazN p 2 o—1)i om
Jj=s+2  i=

X | Dyi(tj1(x+t)+ey)dt
Iy

< N /p=a—1) Z (et D)1=

Il is odd
N+1  j=2 i—1
—aN/p o—1)i m
+ Cn™"2 2 2
Jj=s+2  i= m=0

X Dyi(tj—1(x+1)+ey) dt.
Iy

Here the last sum can be estimated as

N+l j=2 —1
_yzN/P Z Zz o— 1)1 2m/ Dzi(‘cj,l(x—iit)—&iem) dt
Jj=s4+2  i= m=0 Iy
N1 o) N+l [j—s—3 Jj=2
<C2 P R
N+1 [j—s=3
<C2N(l/p “) Z <Z 20 l>lz 2’”/ sz Tji-1 X"‘rl‘)‘i‘em)d
J=s+2 m=| Iy
Jj—=2
+ Z (= Dinj=s=3 sz(rj_l(x4it)4iej_s_3) dl)
i=j—s—2 Iy

Y+l j—s=3 Y+l j—s=3 >

TSI ID YRS S SERID b S o

Il is even j=y,+2 i=0 Il is odd j=y+2 i=0
N+l j=2

+C2N 1/p—a) Z Z 2“ i j S 3/ D21 T/ ](X"’t)"’ej —5— 3)dl

Jj=s+2 i=j—s-2
=: C(x) + D(x).
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Equality (1) implies evidently D(x) =0 if x¢Iy(es). On the other hand, if
xely(es) then

N+l j=2
D(X)SCZN(I/‘”_“) Z Z Z(a—l)izj—szi—N< C2N/p2—s.
J=s+2 i=j—s-2

Furthermore,
Y+l j—s=3
SN S SELD 3ET) ARy
Il is even j=y;4+2 i=0 Iy
Vg1 tl Yt
<C Y (D 1t+ D V<Y
1,1 is even \j=y,+2 i=1
X Z (2“(71*?’171) +yl+l _ Vl)
1l is even

and analogously

Y+l j—s—3

DD D DEL sz | Do) d

Ll is odd j=y,+2 i=0

Yt J=rrtB+2
—1)ini—Nnj—y+1
<C E E E 2(a=Dini=Npj=yi+1
1l is odd j=y,+2 i=j—y+2

where f8; .= 0 when y,_; #y, — | and f; == y,_; — y,_, otherwise. Thus

Y+l
< C2*N Z Z 2j*712“(/*'/l+ﬁ/>
1175 odd 115 odd j=pi2

Yig1+1
< 2N E E 2@+D)Gr=m1)
115 odd j=pa2

These estimations lead to

C(x)< Cc2NU/p=e=D) 2@+D G =71)
>
Hence, we have shown that for xe 4y,
e (2(%3 t2 ZW)(T’“_W)) + 2y (D)
N\€s
1

The same estimation is evidently true also for sup,> o~ 0,y (X).



52 P. Simon | Journal of Approximation Theory 127 (2004) 39-60
Now, A,n(x) will be investigated for xe[[\[;;1 (s =0, ...,N — 1). To this end let

Gy (I=s,...,N —2) be the set of all xel\I;;, such that x, =1 and x;;; = --- =
xy_1 = 0. It is clear that the measure of Gy is 2/~~~ and for xe Gy

n j—s—2
Auy(x) < Cn—2NTP Z <Z 2”/ Dyi(tj—1(x+t1)) dt
i Iy

j=N+2 \ =0
j-2 ) i—1
+Z y(a=1)i Z 2m/ Dz,'(‘;/_l(x—lit)—l;em) dl)
i=0 m=0 Iy
ny j—N—-1 j—1-2
< Cn—azN/p Z 2ai2—N+ Z 2i2ai21—j
j=N+2\ i=0 i=j—N
j-2 i—1
+Z (a=1)i om | Dyi(tj—1 (x+1)+ep) dt)
i=0 m=0 N

< C(2N(l/pfoc71) +2N/1727(o<+1)1)

-1

% 2(1—1)i§ 2m2—N

n J
+ Cn2N/p ] (

J=N+2\ i=0 m=0
j—2 i—1

+ 200y 2’”/ Dyi(tj_1 (x+1)Fep) dt
i=j—N m=0 Iy

C(2N 1/p—o—1 +2N/p2—(a+1)1)

i—1

ny j72
+ Cn 2N N T N 20N T [ Do (v ) ) di
m=0 Iy

J=N+2 i=-N
< C(2N(l/pfocfl) +2N/p27(1+1)/)

n Jj—s—2

+ o2V 3Ty ol Z 2 / Do (tj-1 (x-+1)Fem) dt

Jj=N+2 i=j—-N
n j—2

e D SR sz / Do (ty1 (x-£1) ) dt

J=N+2 i=j—s—1
=: C(2NWr==1) 4 pN/pp=(+ D1y L E(x) + F(x).

We observe that x¢ Iy(e,) implies F(x) = 0 while in the case xely(e,) it follows
that

n j—2
F(x)< Cn22Vr Y- 2= igj=s=13ip=j
J=N+2 i=j—s—1
n j72
< Cn22N/p Z 21 < CaNIPY s,

J=N+2 i=j—s—1
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Furthermore, for xe Gy (I =5, ..., N — 2) it can be written that

J 1

n Jj=1-2 ji—N—
E(X)< Cn_“zN/p Z < Z 2(“_1” Z omoin=j
J=N+2 \i=j—-N m=0
Jj—s—2

+ Z 2(%1)1'21'*1*2/ Dz[(le(X'Ft)‘Fejll)dl)
1 Iv

i=j—1—

n j—k=2
< C2N(1//}—1)2—ul+cn—a2N/p Z Z 2(a—1)i2/—l—22i2—j
JENT2 imjl-1

when xe Gf, ={xeGy:xx =1, x4 = =x-1=0} (k=s,...,/). We remark
that the measure of this set is evidently 25~V=*. Therefore if xe G, then

E(x)<C(NW/p=Dpmol 4 pNIpg=in=2ky,

Hence, we are ready to estimate A,y (x) (xe Gf,, l=s,....N—=2k=s,...,1):

AnN(x) < C(2N(l/pfocfl) + 2N/p27(1+1)l + 2N/p27SXIN(e.\v) + 2N/p27127ak). (8)

Here, the right-hand side does not depend on n and so this estimation holds also for
sup, > ov Aun(x). Therefore by (7) and (8) we get the next maximal inequality (see (5)):

P
/ (supazlao
[0,1)\Iy n
P P
<[ (swletial) + [ (suploza)
[0,1)\y n [0,D\y \ 7
)4
-/ (sup|az%a)
[0,1)\1}\! n
P P
<C/ ((sup |5nNI> +<sup |AnN|> )
[0,1)\In n=2N n=2N

N—1 P
—C / ():CZ Z / (sup 5,1N|>
s=0 I\ s=0 Y Ay

n>=2N

p
+ C Z / (sup |A,1N|>
s=0 I=s k=s G]y\[ n>2N
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N-1
<C / 2N(l—(05+1)p)2(0(+1)])x + C2N(1—(0(+1)]))
Is\1x+l

N—1
X / 2@+Dp(r—71)
N—-1 1 N—
S=| s+1

s=0

Vol No N-1 /1

Lc Z / oNog—(e+)pl CZ / 2N2_pSXIN(e,<)
5s=0 [=s G
N-1 N-2 |

+C > / (2N(pigepl 4 N orlp=erky
s=0 I=s k=s G‘/"(l

N-1
<C2N(l—(a+l)p) Z 2((1—0—1)1} I)s J C2N (x4+1)p

s=0
IERDIDS
% —N 2@+Dp(r=71)
s=0 Y !
N 1 N—-1 N=-2
+ CzN(l oa+1)p 2754 C 2—s2(l (a-+1)p)l
s=0 s=0 [=s
N—-1 N-2 |
+C Z 2N1 p ap1_|_2N2 p12 apk)zk N Sy C
s=0 [I=s k=s
N—1

(We used the fact that Y-, 37, 200G < C20HDPIN=S). )

To complete the proof of Theorem 2 we need to estimate 6% (x)| for Nan>2",
xel\i1 (s=0,...,N—1). Applying the decomposition of 47, (see the proof of
Theorem 1) let 6%, (x) = 0%} (x)+ 0%3(x)+ 6%3(x) where

o’ (x) ::/ a(t) A% (x+1)dt (i=1,2,3).

Iy
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Then

1< ZA,W [ aID (o)

< cnﬂsz/PZ (kDY / Do (2, (x4:1)) di
k=2

Iy

q
< Cn 2V "2 [ Do (1, (xH1)) dt
k

Iy

:cnxzw/p< S Y s 3 )

k=2n=n;—s k=2m. <n—N k=2,n—N <ni<n—s

—: Cn~"2N/r (Z + ZZ: + ;) .

By (1) it follows immediately that Dou (1, (x+1)) =0 (nx=n; —s) for all tely, i.e.
>, = 0. Furthermore, it is not hard to see that

) IRTCEELND DS
2 k=2,m.<m—N

and for xeGy (I =s,...,N — 1)

Z <Cn 2N Z 2me=mouni < N /pp—(ati
3 k=2,m—N<n<n —I—1

Therefore, the next estimation holds for all xeGy (I =s,...,N —1):

sup |a%5( ) dx = /
/[O,])\[N< n z(; I\

N—1 N—
<C2N (a+1)p) Z 2= + CZ / 2N2 (a+1)pl
s s=0 I=s

N—1 N—-1
<C2N(1—((x+l)p) +C 2N2—(a+1)p12—s2/—N< C.
s=0 I=s

To the investigation of ¢%3(x) we apply the estimation (see (2))

q )

A<y Z AT G (T (%)
k=2 j=1
n—1 21
Z > 2 Ml
1=0 j 2!

x Z 25 (Do () + Do () )

i=m
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n—1 2]

DI ﬂ%ymm»
i=0

=2 =0 12/

—I—Z Z 2" Dyi(ty, (x +em)>

i=0 m=|

We remark that

2+ _q 2+ _q
Z (I’l(k) +j)“*2 <C Z j172< Cz(otfl)l
=7 =

so for every xeI\[;;; (s=0,...,N—1)

nkfl

q
o2 (x)| < C2Vrn > 2= ”Z 2! Dz, T, (x41)) dt
k=2 [=0 i=0

/ i—1
+y 2Ny o
i=0 m=0

/ Dsi(ty, (x+1)+ey) dt

Iy
e — 1 Ny — 1
— CZN/pr“ 2 Z 201! / Dyi(t,, (x+1)) dt
k=2 i=0
g m—=1 i-l n—1
4 C2N/Pn*9€ Z om 2(1*1)[/ D2i(7nl (x+l)+€m) dr
k=2 i=0 m=0 I=i Iy
=:G(x) + H(x).

Let us first investigated G(x):

q n/\»fl
G(x)< CZN/”n_“< > > 2l lipeN
k=2nm.<n—N+1 i=0

> S
+ 2[2(6{71)127N
k=2 >nm—N+1 i=0

q n—1
+ ). > 2kl Dzi(r,11(x4it))dt>

k=2 >n —N+1 i=n—N+1 Iy
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q q
1< C2N(1/p1)n“< >y > 2“<"'N>>
k=2m,<nm—-N+1 k=21 >n;—N+1
q ne—1

eI Y o / Do, (x-41)) dit
Iy

k=2n>n—N+1 i=n—N+I

< CN2NU/p=(+1)) o coN/py—
k=2,n >n—N+1

nk—l

x Y 2| Dyt (x£1)) dr.

i=nj—N+1 Iy
If/l=s,...,N—1and xe Gy then

q
G(x)< CN2NW/p=(t1)) o coN/py—e Z Z Adtinin=n
k=2 >n—1 i=n—N+1
N/ z": i‘ L
+ C2™ P i iy
k=2 —I=n;>n —N+1 i=n—N+1

q
< CN2NU/p=(e+1)) 4 coN/py— Z 2ot (m=l)y—m

k:Z,nk >n -1

q n—1
+ CzN/pn—(Z E § 2(0:+1)i2—n1
k=2nm—I=n>n—N+1 i=n—N+1

< CN2N/p=(e+1)) o coN/pjp—(atD
+ C2N/pn—oc Z 2(oc+l)nk2—n1
k=2.n—1=n>n—N+1
< CN2NW/p=(at)) o coN/pjp—(et D)l
Now, let H(x) be estimated as follows:

q m—1 i-1

H(x)< CZN/”n*“Z Z Z 2= / Dyi(ty, (x+1)+en) dt

q ng—1
:C2N/pnaz( Z Z 2ozi27N Z Z D%in— N
k=2m <nj—N+1 i=0 k=2m>n—N+1 i=0
q ng—1
+ Z Z Z 2)112 o—1)i / sz(fnl (x—Iil)—Fem) dt)
k=2.n>n—N+1 i=n—N+1 m= Iy

nkfl
< CN2NWp=(4) . coN/py—
k=2 >nm—N+1 i=n—N+1

i—1
x Y 2l | Doi (T, (x+1)+-e) dt.
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Hence, from this it follows for XEG@ (I=s,...,N—1;j=s,..., — 1) that
q
H(x)< CN2NU/p=(+D) - N /p =
k=25 >m —N+1

g —1 i— njg—1
~ ( Z Z 2m2 o—1 12 2—n| + Z o= 12(zx 1)1212 n1>
i=n—N+1 m=0 i=m—I[
< CN2NU/p=(e+1)) 4 coN/py—
k=2 >nm —N+1

ng—1 n—1
~ ( Z Zoti—N+ Z 2911‘—])

i=nj—N+1 i=n—[
q
< CN2N(1/p—(c{+1)) + C2N/pn—oc Z (2—N20(nk/ + 2—]2ank1)
k=2n>n —N+1
q
< CN2NW/p=(ot 1)) | C2N/Pn—fx< Z =Ny
k=2,n—I=n>n—N+1
q
+ Z (27N2a(n171) + 2712001;()
k=2m—j=n>n—I

q

+ Z (27N205(n17/) + 212a(n1j))>

k=2 >n;—j

< CN2NU/p=(e1) CZN/pnfa(szza(nlfl) +( _j)szzoc(nlfl)
4271y j=Npam=) 4 o=lpa(m=)y)

< CN2NWp=GD) o N/ ((1 — jy2~ Vo= 4 jo= Vo= jo=lo=)

< CN2NWp=(t1)) o cpN/p=Dpp=al | CcoN/IPjp=1n=4

where ny; = min{n; — [, n; }.
By means of the above estimations we get for 6”3a the next maximal inequality (see

)

V4 -1 N-1 N—-1 N-— _
/ <supaﬁa|> C Z / G+ C Z Z / H?
[0,D)\Iy = Gy I=s j=s @,

n s s=0

2 u

N—
<C Z (szN (a41)p) +2Nlp2 fx+l)pl)212—N s

s=

.._‘

O

=5
N—-1 [-1

+c§; 3 Z (NP2V(I=e )

=5

_|_2N1 —-p) o3 ap/_|_2N ) 1112 ocp])zjz N-—s
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< CszN —(a+1)p) + C 1P2’ (oe+1)p)
[—1

T
T

27PN pyorly]

_|_

a
i\
]
fing

T
T

-1
+C 2= Z jpoii=ar)p=rl

j=s

&
~
Il

=
N

<C+ cz*PNZ p2!I0-op) 4 CZ 2! (1=(a+1)p)
=1 =1

I
< C+ CNPNU-GHn) < (9)

Finally, we show that the estimation (9) remains true for sup, |0?3a| instead of
sup, |6”3al. Indeed, by (2) it follows for .#%3 that

q
|‘%/Z§(x)| <Cn™® Z (=) pm—1 | K1 (T, (%))

k=2
n—1 n—1
_g(Z 2c< 1)ng Z 2m§: D2[(T (x))+D ,.(T (x)_Fe ))
‘ n 20\ tny m))-
m= i=m

Taking into consideration the estimation with respect to ¢~ “2 and the inequality

21 21
Z |4 n<A>+,+1| C Z D+
/':21%— J M~

pL
< C/ (n%) 4 x)"? dx< €20
2

ny—1

we get

P
/ <sup aﬁa|> <C/ (G” + H?).
0,D\y \ 7 [0,D)\Iy

This proves Theorem 2. [
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