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Abstract

The Walsh system will be investigated in the Kaczmarz rearrangement. In an earlier paper

we have shown that the maximal operator of the (C,1)-means of the Walsh–Kaczmarz–

Fourier series is bounded from the dyadic Hardy space Hp into Lp for every 12opp1: In the
present work, we extend this result to the ðC; aÞ means when 0oap1 and prove their maximal
operator sa : Hp-Lp is bounded for all 1=ðaþ 1Þopp1: By known results on interpolation
we get from this theorem that sa is of weak type (1,1) and bounded from Lq into Lq if

1oqpN: Moreover, the ðC; aÞ means of an integrable function f converge to f a.e.

r 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The first result on the a.e. convergence of the (C,1) means of Walsh–Fourier series
is due to Fine [1], if the Walsh functions are considered by Paley’s ordering. This
result follows also from a maximal inequality of Schipp [4]. Namely, Schipp proved

that the maximal operator s1WP of the (C,1) summation with respect to the Walsh–
Paley Fourier–series is of weak type (1,1) and bounded from Lp to Lp when
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1oppN: In the case p ¼ 1 this boundedness is not true but s1WP is bounded as a
map from the dyadic Hardy space H1 to L1 (see [2] or [6]). Later some extensions are

proved by Weisz [10], for example that s1WP : Hp-Lp is bounded for every 1
2
opp1:

A counterexample shows that this result fails to hold for 0opo1=2 (see [8]).
The so-called Walsh–Kaczmarz system was also investigated by many authors.

Thus the Kaczmarz analogue of Schipp’s results was given by Gát [3]. Moreover, he

proved also an ðH1;L1Þ-like inequality jjs1WKf jj1pjjjf jjjH1 ðfAH1Þ: In [7] we
have shown that the theorem of Weisz mentioned above remains true for s1WK
instead of s1WP:
The maximal operator saWP ð0oap1Þ of the ðC; aÞ means of the Walsh–Paley

Fourier-series was investigated by Weisz [11]. In his paper Weisz proved the
boundedness of saWP : Hp-Lp when 1=ðaþ 1Þopp1: In the present work the exact
analogue of this statement will be shown for saWK; i.e. for the maximal operator of
the Walsh–Kaczmarz ðC; aÞ summation. To this end we prove also the uniform L1-
boundedness of the Walsh–Kaczmarz ðC; aÞ kernels which implies evidently that
saWK : LN-LN is bounded. We remark that known theorems on interpolation

imply the weak typeness (1,1) of saWK and the boundedness of saWK :
Ls-Ls ð1ospNÞ: Moreover, by standard density argument the a.e. convergence
of the Walsh–Kaczmarz ðC; aÞ means follows for every integrable function. This is
an extension of a theorem on the (C,1) summation of Gát [3].

2. Definitions and notations

The Walsh–Paley system is a special product system generated by the so-called
Rademacher functions rn ðnAN :¼ f0; 1;ygÞ: To their definition let r be the function
given on the interval ½0; 1Þ by

rðxÞ :¼
1 ð0pxo1=2Þ;
	1 ð1=2pxo1Þ

�

and extended to the whole real line R periodically by 1. Now, define rnðxÞ :¼ rð2nxÞ
ðxA½0; 1
; nANÞ: Then the usual product system ðwn; nANÞ of rn’s is obtained in the
following way:

wn :¼
YN
k¼0

rnk

k ðnANÞ;

where n ¼
P

N

k¼0 nk2
k is the binary decomposition of n; i.e. nkAf0; 1gðkANÞ: It is

well-known (for details see the book [5]) that ðwn; nANÞ is a complete orthonormal
system with respect to the Lebesgue measure of ½0; 1
: Denote Dk :¼Pk	1

j¼0 wj ðkAN;D0 :¼ 0Þ the kth Walsh–Dirichlet kernel. Then a basic property of
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the Walsh functions is

D2nðxÞ ¼
2n ð0pxo2	nÞ

ðnANÞ:
0 ð2	npxo1Þ

8><
>: ð1Þ

The interval ½0; 1Þ can be treated as the so-called dyadic group, i.e. the set of all 0–1
sequences ðxk; kANÞ ðxkAf0; 1g ðkANÞÞ: The group operation ’þ is the coordinate-
wise addition modulo 2, i.e. if x ¼ ðxk; kANÞ; y ¼ ðyk; kANÞ then x ’þy :¼
ðxk"yk; kANÞ; where a"b denotes the addition modulo 2 of a; bAN: For example,

the Rademacher functions can be computed in this sense as rnðxÞ ¼ ð	1Þxn

ðxA½0; 1Þ; nANÞ: Furthermore, D2n ¼ 2nwIn
ðnANÞ where In is the set of all

ðxk; kANÞ such that x0 ¼ x1 ¼ ? ¼ xn	1 ¼ 0 and wIn
is its characteristic function.

The Walsh–Fejér kernels Kn ð0onANÞ play also an important part in our
investigations:

Kn :¼ 1
n

Xn

j¼1
Dj ¼

Xn	1
k¼0

1	 k

n

	 

wk:

Let K0 :¼ 0: The next estimation with respect to Kn’s will be used often in this
work: if xA½0; 1Þ; 0onAN then

jKnðxÞjp
Xs

j¼0
2j	s	1

Xs

i¼j

ðD2iðxÞ þ D2iðx ’þ2	j	1ÞÞ ð2spno2sþ1Þ: ð2Þ

From this it follows by (1) the uniform L1-boundedness of Kn’s:

sup
n

jjKnjj1oN: ð3Þ

In this work the so-called Kaczmarz rearrangement ðCn; nANÞ (called Walsh–

Kaczmarz system) of ðwn; nANÞ will be investigated, where Cn’s are defined in the
following way. If 0onAN then there is a unique sAN such that the binary

representation of n is of the form n ¼ 2s þ
Ps	1

k¼0 nk2
k: Then let

Cn :¼ rs

Ys	1
k¼0

rnk

s	k	1

andC0 :¼ w0: It is not hard to see thatC2m ¼ w2m ¼ rm and fCk : k ¼ 2m;y; 2mþ1 	
1g ¼ fwk : k ¼ 2m;y; 2mþ1 	 1g ðmANÞ: Furthermore, if

tsðxÞ :¼ ðxs	1; xs	2;y; x1; x0; xs; xsþ1;yÞ ðxA½0; 1ÞÞ

then

CnðxÞ ¼ wnðtsðxÞÞ ¼ rsðxÞwn	2sðtsðxÞÞ: ð4Þ

It is clear that ðCn; nANÞ is also a complete orthonormal system and D2j ðtjðxÞÞ ¼
D2j ðxÞ ðjAN; xA½0; 1ÞÞ:
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Let 0oap1; kAN and

Aa
k :¼

Yk

i¼1

aþ i

i
:

Then the nth ðC; aÞ Walsh–Kaczmarz Fejér kernel with respect to Ck’s will be
denoted by

Ka
n :¼ 1

Aa
n	1

Xn	1
k¼0

Aa
n	k	1Ck ð0onANÞ:

Furthermore, let

sanf ðxÞ :¼
Z 1
0

f ðtÞKa
nðx ’þtÞ dt ðxA½0; 1Þ; nANÞ

the nth ðC; aÞ Walsh–Kaczmarz Fejér mean of fAL1½0; 1Þ: The next maximal operator
will be investigated in the further sections:

saf :¼ sup
n

jsanf j:

We remark (see e.g. [14]) that Aa
kBOðkaÞ ðk-NÞ:

3. Hardy spaces

Here, we give only the most important concepts with respect to the dyadic Hardy
spaces. (For details see, e.g. the books of [9,12].) To this end let the maximal function

of fAL1½0; 1Þ be given by

f �ðxÞ ¼ sup
n
2n

Z
x ’þIn

f

����
���� ðxA½0; 1ÞÞ

and for 0opoN denote Hp½0; 1Þ the space of f ’s for which jjf jjHp :¼ jjf �jjpoN:

A function aALN½0; 1Þ is called a p-atom if either a is identically equal to 1 or if

there exists a dyadic interval I ¼ x ’þIN for some NAN; xA½0; 1Þ such that

supp aCI ; jjajj
N
p2N=p and

Z 1
0

a ¼ 0:

We shall say that a is supported on I :
A sublinear operator T which maps Hp½0; 1Þ into the collection of measurable

functions defined on ½0; 1Þ will be called p-quasi-local if there exists a constant Cp

such thatZ
½0;1Þ\I

jTajppCp ð5Þ

for every p-atom a supported on I : (Here and later Cp;C will denote

positive constants depending at most on p and a; although not always the same
in different occurrences.) Assume the LN-boundedness of T ; i.e. that
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jjTf jj
N
pCjjf jj

N
ðfALN½0; 1ÞÞ: Then it is known that for T to be bounded from

Hp½0; 1Þ to Lp½0; 1Þ it is sufficient that T is p-quasi-local.

4. Cesaro summability

First of all we show the analogue of (3) forKa
n’s, i.e. that theK

a
n ðnANÞ kernels

are uniformly L1-bounded. In other words the following theorem holds:

Theorem 1. For all 0oap1 we have

sup
n

jjKa
njj1oN:

This statement implies evidently the next corollary:

Corollary 1. The maximal operator sa ð0oap1Þ is of type ðN;NÞ; i.e.

jjsaf jj
N
pCjjf jj

N
ðfALN½0; 1ÞÞ:

Further we deal with the ðHp;LpÞ-boundedness of sa: We remember the special
case a ¼ 1; i.e. (see [7]) that s1 : Hp½0; 1Þ-Lp½0; 1Þ is bounded when p41=2: Now,
we extend this theorem to 0oao1 and show

Theorem 2. Let 0oap1 and 1=ðaþ 1Þopp1: Then

jjsaf jjppCjjf jjHp ðfAHp½0; 1ÞÞ:

Applying known results on interpolation (see e.g. the books [9,12]) we get

Corollary 2. For every 0oap1 and 1oppN the maximal operator sa :
Lp½0; 1Þ-Lp½0; 1Þ is bounded. Moreover, sa is of weak type (1,1) and

sanf-f ðn-NÞ a.e. if fAL1½0; 1Þ:

5. Proof of theorems

Theorem 1 is a direct consequence of (3) if a ¼ 1 (see e.g. [7]). Hence it can be
assumed that 0oao1:
Let n ¼

Pq
k¼1 2

nk be the binary decomposition of 0onAN; where nkAN ðk ¼
1;y; qÞ and nk4nkþ1 ðk ¼ 1;y; q 	 1Þ: ThenKa

n can be written as the sumKa
n1 þ

Ka
n2 with

Ka
n1 :¼

1

Aa
n	1

X2n1	1

k¼0
Aa

n	k	1Ck; Ka
n2 :¼

1

Aa
n	1

Xn	1
k¼2n1

Aa
n	k	1Ck: ð6Þ
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Applying (4) we get for xA½0; 1Þ

Ka
n1ðxÞ ¼ 1þ

1

Aa
n	1

Xn1	1
j¼0

X2j	1

k¼0
Aa

n	1	ð2jþ1	1	kÞC2jþ1	1	kðxÞ

¼ 1þ 1

Aa
n	1

Xn1	1
j¼0

X2j	1

k¼0
Aa

n	2jþ1þkw2jþ1	1	kðtjðxÞÞ

¼ 1þ 1

Aa
n	1

Xn1	1
j¼0

X2j	1

k¼0
Aa

n	2jþ1þkw2jþ1	1ðtjðxÞÞwkðtjðxÞÞ

¼ 1þ 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞ
X2j	1

k¼0
Aa

n	2jþ1þkðDkþ1ðtjðxÞÞ 	 DkðtjðxÞÞÞ:

Therefore by Abel transformation it follows that

Ka
n1ðxÞ ¼ 1þ

1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞ
X2j

k¼1
Aa

n	2jþ1þk	1DkðtjðxÞÞ
 

	
X2j	1

k¼0
Aa

n	2jþ1þkDkðtjðxÞÞ
!

¼ 1þ 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞAa
n	2j	1D2j ðtjðxÞÞ

þ 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞ
X2j	1

k¼1
ðAa

n	2jþ1þk	1 	 Aa
n	2jþ1þkÞDkðtjðxÞÞ

¼ 1þ 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞAa
n	2j	1D2j ðtjðxÞÞ

	 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞ
X2j	1

k¼1
Aa	1

n	2jþ1þkDkðtjðxÞÞ ¼: Ka1
n1 þKa2

n1:

Taking into consideration Dk ¼ kKk 	 ðk 	 1ÞKk	1 ð0okANÞ we can transform
Ka2

n1 as follows:

Ka2
n1ðxÞ ¼

1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞ
X2j	1

k¼1
Aa	1

n	2jþ1þk

� ðkKkðtjðxÞÞ 	 ðk 	 1ÞKk	1ðtjðxÞÞÞ

¼ 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞ
X2j	1

k¼1
Aa	1

n	2jþ1þkðkKkðtjðxÞÞ
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X2j	2

k¼0
Aa	1

n	2jþ1þkþ1kKkðtjðxÞÞÞ
!

¼ 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞð2j 	 1ÞAa	1
n	2j	1K2j	1ðtjðxÞÞ

	 1

Aa
n	1

Xn1	1
j¼0

w2jþ1	1ðtjðxÞÞ
X2j	2

k¼1
kAa	2

n	2jþ1þkþ1KkðtjðxÞÞ

¼:AðxÞ þ BðxÞ:

Now, if we apply estimation (2) it follows for BðxÞ that

jBðxÞjpCn	a
Xn1
j¼1

Xj	1
s¼1

X2s	1

l¼2s	1

jAa	2
n	2jþlþ1j

Xs	1
i¼0

Xi

m¼0
2m

� ðD2iðtj	1ðxÞÞ þ D2iðtj	1ðxÞ ’þemÞÞ

pCn	a
Xn1
j¼1

Xj	2
i¼0

Xj	1
s¼iþ1

X2s	1

l¼2s	1

ðn 	 2j þ lÞa	2
Xi

m¼0
2m

� ðD2iðtj	1ðxÞÞ þ D2iðtj	1ðxÞ ’þemÞÞ

¼Cn	a
Xn1
j¼1

Xj	2
i¼0

aij

Xi

m¼0
2mðD2iðtj	1ðxÞÞ þ D2iðtj	1ðxÞ ’þemÞÞ

pCn	a
Xn1
j¼1

Xj	2
i¼0

aij 2
iD2iðtj	1ðxÞÞ þ

Xi	1
m¼0
2mD2iðtj	1ðxÞ ’þemÞ

 !
;

where em :¼ 2	m	1 ¼ ð0;y; 0; 1; 0;?Þ and

aij :¼
Xj	1

s¼iþ1

X2s	1

l¼2s	1

ðn 	 2j þ lÞa	2pC

Z 2j	1

2i

ðn 	 2j þ xÞa	2 dxpC2iða	1Þ:

An analogous calculation shows that the same estimation holds for AðxÞ instead
of BðxÞ: Thus Ka2

n1ðxÞ can be estimated as

jKa2
n1ðxÞjpCn	a

Xn1
j¼1

Xj	2
i¼0
2iða	1Þ 2iD2iðtj	1ðxÞÞ þ

Xi	1
m¼0
2mD2iðtj	1ðxÞ ’þemÞ

 !
:

Applying (1) the previous estimation implies for jjKa2
n1jj1 that

jjKa2
n1jj1pCn	a

Xn1
j¼1

Xj	2
i¼0
2ða	1Þi2ipCn	a

Xn1	1
j¼1

Xj	2
i¼0
2iapC

2n1a

na pC:

ARTICLE IN PRESS
P. Simon / Journal of Approximation Theory 127 (2004) 39–60 45



The L1-norm estimation of Ka1
n1 is very simple. Indeed, taking into account

w2jþ1	1ðtjðxÞÞ ¼ rjðxÞ when x0 ¼ ? ¼ xj	1 ¼ 0 it follows by (1) that

w2jþ1	1ðtjðxÞÞD2j ðxÞ ¼ rjðxÞD2j ðxÞ ¼ D2jþ1ðxÞ 	 D2j ðxÞ;

i.e.

Ka1
n1ðxÞ ¼ 1þ

1

Aa
n	1

Xn1	1
j¼0

Aa
n	2j	1ðD2jþ1ðxÞ 	 D2j ðxÞÞ

¼ 1þ 1

Aa
n	1

Xn1
j¼1

Aa
n	2j	1	1D2j ðxÞ 	

Xn1	1
j¼0

Aa
n	2j	1D2j ðxÞ

 !

¼ 1þ 1

Aa
n	1

Aa
n	2n1	1	1D2n1 ðxÞ 	

1

Aa
n	1

Aa
n	2

þ 1

Aa
n	1

Xn1	1
j¼1

ðAa
n	2j	1	1 	 Aa

n	2j	1ÞD2j ðxÞ

from which by (1)

jjKa1
n1jj1pC þ 1

Aa
n	1

Xn1	1
j¼1

ðAa
n	2j	1	1 	 Aa

n	2j	1Þ

¼C þ 1

Aa
n	1

ðAa
n	2 	 Aa

n	2n1	1	1ÞpC

follows.
Now, we investigate Ka

n2ðxÞ ðxA½0; 1ÞÞ (for the idee see [13] or [11,12]):

Ka
n2ðxÞ ¼

1

Aa
n	1

Xn	1
k¼2n1

Aa
n	k	1CkðxÞ ¼

1

Aa
n	1

Xq	1
k¼1

X2n1þ?þ2nkþ1	1

j¼2n1þ?þ2nk

Aa
n	j	1CjðxÞ

¼ 1

Aa
n	1

Xq	1
k¼1

X2nkþ1	1

j¼0
Aa

n	1	ð2n1þ?þ2nkþ1	1	jÞC2n1þ?þ2nkþ1	1	jðxÞ

¼ 1

Aa
n	1

Xq	1
k¼1

w2n1þ?þ2nkþ1	1ðtn1ðxÞÞ
X2nkþ1	1

j¼0
Aa

n	ð2n1þ?þ2nkþ1 Þþjwjðtn1ðxÞÞ

¼ 1

Aa
n	1

Xq

k¼2
w2n1þ?þ2nk	1ðtn1ðxÞÞ

X2nk	1

j¼0
Aa

n	ð2n1þ?þ2nk Þþjwjðtn1ðxÞÞ

¼ 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞ

X2nk	1

j¼0
Aa

nðkÞþjwjðtn1ðxÞÞ;
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where nðkÞ :¼ n 	
Pk

i¼1 2
ni ðk ¼ 1;y; qÞ: By means of Abel transformation this

yields>

Ka
n2ðxÞ ¼

1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞ

X2nk	1

j¼0
Aa

nðkÞþjðDjþ1ðtn1ðxÞÞ 	 Djðtn1ðxÞÞÞ

¼ 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞ

X2nk

j¼1
Aa

nðkÞþj	1Djðtn1ðxÞÞ
 

	
X2nk	1

j¼0
Aa

nðkÞþjDjðtn1ðxÞÞ
!

¼ 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞ Aa

nðkÞþ2nk	1D2nk ðtn1ðxÞÞ
�

	
X2nk	1

j¼1
Aa	1

nðkÞþjDjðtn1ðxÞÞ
!

¼ 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞAa

nðk	1Þ	1D2nk ðtn1ðxÞÞ

	 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞ

X2nk	1

j¼1
Aa	1

nðkÞþjðjKjðtn1ðxÞÞ

	 ðj 	 1ÞKj	1ðtn1ðxÞÞÞ

¼ 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞAa

nðk	1Þ	1D2nk ðtn1ðxÞÞ

	 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞ

X2nk	1

j¼1
jAa	1

nðkÞþjKjðtn1ðxÞÞ
 

	
X2nk	2

j¼0
jAa	1

nðkÞþjþ1Kjðtn1ðxÞÞ
!

¼ 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞAa

nðk	1Þ	1D2nk ðtn1ðxÞÞ

	 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞAa	1

nðk	1Þ	1ð2
nk 	 1ÞK2nk	1ðtn1ðxÞÞ

þ 1

Aa
n	1

Xq

k¼2
wn	nðkÞ	1ðtn1ðxÞÞ

X2nk	2

j¼1
jAa	2

nðkÞþjþ1Kjðtn1ðxÞÞ

¼:Ka1
n2ðxÞ þKa2

n2ðxÞ þKa3
n2ðxÞ:
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First we deal with jjKa1
n2jj1 :

jjKa1
n2jj1pCn	a

Xq

k¼2
Aa

nðk	1Þ	1pCn	a
Xq

k¼2
ðnðk	1ÞÞa

pCn	a
Xq

k¼2
2ankpCn	a2an2pC:

Now, we investigate jjKa2
n2jj1:

jjKa2
n2jj1pCn	a

Xq

k¼2
2nkðnðk	1ÞÞa	1jjK2nk	1jj1

pCn	a
Xq

k¼2
2nk2ða	1ÞnkpCn	a2an2pC:

Finally, jjKa3
n2jj1 can be estimated by (3) as follows:

jjKa3
n2jj1pCn	a

Xr

k¼2

X2nk	2

j¼1
jjAa	2

nðkÞþjþ1jjjKjjj1

pCn	a
Xr

k¼2

Xnk	1

l¼0

X2lþ1	1

j¼2l

jðnðkÞ þ jÞa	2

pCn	a
Xr

k¼2

Xnk	1

l¼0
ðnðkÞ þ 2lÞa	2

X2lþ1	1

j¼2l

j

pCn	a
Xr

k¼2

Xnk	1

l¼0
ðnðkÞ þ 2lÞa	222lpCn	a

Xr

k¼2

Xnk	1

l¼0
2ða	2Þl22l

pCn	a
Xr

k¼2
2ankpC:

This proves Theorem 1. &

Proof of Theorem 2. For the special case a ¼ 1 see [7]. Thus let 0oao1 and
1=ðaþ 1Þopp1: We need to show that sa is p-quasi-local. To this end let a

be a p-atom supported on IN for some NAN: Then for all nAN the assumption

np2N implies sana ¼ 0; therefore saa ¼ supn;n42N jsanaj: For nAN; n42N we

use the decomposition n ¼
Pq

k¼1 2
nk with nkAN ðk ¼ 1;y; qÞ and nk4nkþ1 ðk ¼

1;y; q 	 1Þ: Furthermore, we can assume n1XN: As in the proof of Theorem 1
(see (6)) let Ka

n be decomposed as K
a
n ¼ Ka

n1 þKa
n2; i.e. s

a
na ¼ san1a þ san2a where
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for xA½0; 1Þ

san1aðxÞ :¼
Z 1
0

aðtÞKa
n1ðx ’þtÞ dt; san2aðxÞ :¼

Z 1
0

aðtÞKa
n2ðx ’þtÞ dt:

Here (see again the proof of Theorem 1) Ka
n1 ¼ Ka1

n1 þKa2
n1 which implies the

decomposition san1a ¼ sa1n1a þ sa2n1a by means

sa1n1aðxÞ :¼
Z 1
0

aðtÞKa1
n1ðx ’þtÞ dt; sa2n1aðxÞ :¼

Z 1
0

aðtÞKa2
n1ðx ’þtÞ dt ðxA½0; 1ÞÞ:

If xA½0; 1Þ\IN then by (1)
R 1
0 aðtÞDjðx ’þtÞ dt ¼ 0 holds for all j ¼ 0;y; 2n1 :

Therefore (see the proof of Theorem 1 for Ka1
n1Þ we get sa1n1aðxÞ ¼ 0:

Now, we consider sa2n1ðxÞ for xA½0; 1Þ\IN : Taking into account the estimation for

Ka2
n1ðxÞ (see the proof of Theorem 1) we get

jsa2n1ðxÞjpCn	a2N=p
Xn1
j¼1

Xj	2
i¼0
2ða	1Þi 2i

Z
IN

D2iðtj	1ðx ’þtÞÞ dt

	

þ
Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

!

¼Cn	a2N=p
XNþ1

j¼1
?þ

Xn1
j¼Nþ2

?

 !
¼: CðdnNðxÞ þ DnNðxÞÞ:

First we investigate dnNðxÞ: Since xA½0; 1Þ\IN thus there exists a unique s ¼
0;y;N 	 1 such that xAIs\Isþ1: Decompose dnNðxÞ in the following way: dnNðxÞ ¼
Cn	a2N=pð

Psþ1
j¼1?þ

PNþ1
j¼sþ2?Þ: Then

n	a2N=p
Xsþ1
j¼1

? ¼ n	a
Xsþ1
j¼1

Xj	2
i¼0
2ða	1Þi 2i

Z
IN

D2iðx ’þtÞ dt

	

þ
Xi	1
m¼0
2m

Z
IN

D2iðx ’þt ’þemÞ dt

!
;

where by the basic relation (1) D2iðx ’þt ’þemÞ ¼ 0; D2iðx ’þtÞ ¼ 2i for all tAIN :
Therefore

n	a2N=p
Xsþ1
j¼1

? ¼ n	a2N=p
Xsþ1
j¼1

Xj	2
i¼0
2ða	1Þi2i

Z
IN

D2iðx ’þtÞ dt

¼ n	a2N=p
Xsþ1
j¼1

Xj	2
i¼0
2ðaþ1Þi2	NpC2Nð1=p	a	1Þ2ðaþ1Þs:

To the estimation of n	a2N=p
PNþ1

j¼sþ2? let the natural numbers g0 :¼
sog1o?ogvpN 	 1 be given, g :¼ ðg0;y; gvÞ and define Asg as the set of all

zAIs\Isþ1 such that zgl
¼ zglþ1 ¼ ? ¼ zglþ1	1 ¼ 1 when l is even and zgl

¼ zglþ1 ¼
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? ¼ zglþ1	1 ¼ 0 when l is odd ðl ¼ 0;y; vÞ: Then
S

g Asg is a pairwise disjoint

decomposition of Is\Isþ1 where the measure of each Asg is 2
	N : Furthermore, if

xAAsg; j ¼ s þ 2;y;N þ 1 and i ¼ 0;y; j 	 2 then by (1) D2iðtj	1ðx ’þtÞÞa0 ðtAINÞ
iff j 	 2A½gl ; glþ1Þ for some odd l ¼ 1;y; v and ipj 	 gl 	 1: Thus we can conclude
for xAAsg that

n	a2N=p
XNþ1

j¼sþ2
?pCn	a2N=p

X
l;l is odd

Xglþ1þ1

j¼glþ2

Xj	gl	1

i¼0
2ða	1Þi22i2	N

þ Cn	a2N=p
XNþ1

j¼sþ2

Xj	2
i¼0
2ða	1Þi

Xi	1
m¼0
2m

�
Z

IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

pC2Nð1=p	a	1Þ
X

l;l is odd

2ðaþ1Þðglþ1	glÞ

þ Cn	a2N=p
XNþ1

j¼sþ2

Xj	2
i¼0
2ða	1Þi

Xi	1
m¼0
2m

�
Z

IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt:

Here the last sum can be estimated as

n	a2N=p
XNþ1

j¼sþ2

Xj	2
i¼0
2ða	1Þi

Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

pC2Nð1=p	aÞ
XNþ1

j¼sþ2

Xj	s	3

i¼0
?þ

Xj	2
i¼j	s	2

?

 !

pC2Nð1=p	aÞ
XNþ1

j¼sþ2

Xj	s	3

i¼0
2ða	1Þi

Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

 

þ
Xj	2

i¼j	s	2
2ða	1Þi2j	s	3

Z
IN

D2iðtj	1ðx ’þtÞ ’þej	s	3Þ dt

!

¼ C2Nð1=p	aÞ
X

l;l is even

Xglþ1þ1

j¼glþ2

Xj	s	3

i¼0
?þ

X
l;l is odd

Xglþ1þ1

j¼glþ2

Xj	s	3

i¼0
?

 !

þ C2Nð1=p	aÞ
XNþ1

j¼sþ2

Xj	2
i¼j	s	2

2ða	1Þi2j	s	3
Z

IN

D2iðtj	1ðx ’þtÞ ’þej	s	3Þ dt

¼: CðxÞ þ DðxÞ:
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Equality (1) implies evidently DðxÞ ¼ 0 if xeINðesÞ: On the other hand, if
xAINðesÞ then

DðxÞpC2Nð1=p	aÞ
XNþ1

j¼sþ2

Xj	2
i¼j	s	2

2ða	1Þi2j	s2i	NpC2N=p2	s:

Furthermore,

X
l;l is even

Xglþ1þ1

j¼glþ2

Xj	s	3

i¼0
2ða	1Þi

Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

pC
X

l;l is even

Xglþ1þ1

j¼glþ2
1þ

Xgl	gl	1þ1

i¼1
2ai

 !
2	NpC2	N

�
X

l;l is even

ð2aðgl	gl	1Þ þ glþ1 	 glÞ

and analogously

X
l;l is odd

Xglþ1þ1

j¼glþ2

Xj	s	3

i¼0
2ða	1Þi

Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

pC
X

l;l is odd

Xglþ1þ1

j¼glþ2

Xj	glþbjþ2

i¼j	glþ2
2ða	1Þi2i	N2j	glþ1;

where bj :¼ 0 when gl	1agl 	 1 and bj :¼ gl	1 	 gl	2 otherwise. Thus

X
l;l is odd

?pC2	N
X

l;l is odd

Xglþ1þ1

j¼glþ2
2j	gl2aðj	glþbjÞ

pC2	N
X

l;l is odd

Xglþ1þ1

j¼glþ2
2ðaþ1Þðglþ1	glÞ:

These estimations lead to

CðxÞpC2Nð1=p	a	1Þ
X

l

2ðaþ1Þðglþ1	glÞ:

Hence, we have shown that for xAAsg

dnNðxÞpC2Nð1=p	a	1Þ 2ðaþ1Þs þ
X

l

2ðaþ1Þðglþ1	glÞ

 !
þ C2N=p2	swIN ðesÞ: ð7Þ

The same estimation is evidently true also for supnX2N dnNðxÞ:
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Now, DnNðxÞ will be investigated for xAIs\Isþ1 ðs ¼ 0;y;N 	 1Þ: To this end let
Gsl ðl ¼ s;y;N 	 2Þ be the set of all xAIs\Isþ1 such that xl ¼ 1 and xlþ1 ¼ ? ¼
xN	1 ¼ 0: It is clear that the measure of Gsl is 2

l	N	s and for xAGsl

DnNðxÞpCn	a2N=p
Xn1

j¼Nþ2

Xj	s	2

i¼0
2ai

Z
IN

D2iðtj	1ðx ’þtÞÞ dt

 

þ
Xj	2
i¼0
2ða	1Þi

Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

!

pCn	a2N=p
Xn1

j¼Nþ2

Xj	N	1

i¼0
2ai2	N þ

Xj	l	2

i¼j	N

2i2ai21	j

 

þ
Xj	2
i¼0
2ða	1Þi

Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

!

pCð2Nð1=p	a	1Þ þ 2N=p2	ðaþ1ÞlÞ

þ Cn	a2N=p
Xn1

j¼Nþ2

Xj	N	1

i¼0
2ða	1Þi

Xi	1
m¼0
2m2	N

 

þ
Xj	2

i¼j	N

2ða	1Þi
Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

!

pCð2Nð1=p	a	1Þ þ 2N=p2	ðaþ1ÞlÞ

þ Cn	a2N=p
Xn1

j¼Nþ2

Xj	2
i¼j	N

2ða	1Þi
Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

pCð2Nð1=p	a	1Þ þ 2N=p2	ðaþ1ÞlÞ

þ Cn	a2N=p
Xn1

j¼Nþ2

Xj	s	2

i¼j	N

2ða	1Þi
Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

þ Cn	a2N=p
Xn1

j¼Nþ2

Xj	2
i¼j	s	1

2ða	1Þi
Xi	1
m¼0
2m

Z
IN

D2iðtj	1ðx ’þtÞ ’þemÞ dt

¼:Cð2Nð1=p	a	1Þ þ 2N=p2	ðaþ1ÞlÞ þ EðxÞ þ FðxÞ:

We observe that xeINðesÞ implies FðxÞ ¼ 0 while in the case xAINðesÞ it follows
that

FðxÞpCn	a2N=p
Xn1

j¼Nþ2

Xj	2
i¼j	s	1

2ða	1Þi2j	s	12i2	j

pCn	a2N=p
Xn1

j¼Nþ2

Xj	2
i¼j	s	1

2aipC2N=p2	s:
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Furthermore, for xAGsl ðl ¼ s;y;N 	 2Þ it can be written that

EðxÞpCn	a2N=p
Xn1

j¼Nþ2

Xj	l	2

i¼j	N

2ða	1Þi
Xj	N	1

m¼0
2m2i2	j

 

þ
Xj	s	2

i¼j	l	1
2ða	1Þi2j	l	2

Z
IN

D2iðtj	1ðx ’þtÞ ’þej	l	1Þ dt

!

pC2Nð1=p	1Þ2	al þ Cn	a2N=p
Xn1

j¼Nþ2

Xj	k	2

i¼j	l	1
2ða	1Þi2j	l	22i2	j

when xAGk
sl :¼ fxAGsl : xk ¼ 1; xkþ1 ¼ ? ¼ xl	1 ¼ 0g ðk ¼ s;y; lÞ: We remark

that the measure of this set is evidently 2k	N	s: Therefore if xAGk
sl then

EðxÞpCð2Nð1=p	1Þ2	al þ 2N=p2	l2	akÞ:

Hence, we are ready to estimate DnNðxÞ ðxAGk
sl ; l ¼ s;y;N 	 2; k ¼ s;y; lÞ:

DnNðxÞpCð2Nð1=p	a	1Þ þ 2N=p2	ðaþ1Þl þ 2N=p2	swIN ðesÞ þ 2
N=p2	l2	akÞ: ð8Þ

Here, the right-hand side does not depend on n and so this estimation holds also for
supnX2N DnNðxÞ: Therefore by (7) and (8) we get the next maximal inequality (see (5)):

Z
½0;1Þ\IN

sup
n

jsan1aj
	 
p

p
Z
½0;1Þ\IN

sup
n

jsa1n1aj
	 
p

þ
Z
½0;1Þ\IN

sup
n

jsa2n1aj
	 
p

¼
Z
½0;1Þ\IN

sup
n

jsa2n1aj
	 
p

pC

Z
½0;1Þ\IN

sup
nX2N

jdnN j
 !p

þ sup
nX2N

jDnN j
 !p !

¼ C
XN	1

s¼0

Z
Is\Isþ1

ð?Þ ¼ C
XN	1

s¼0

X
g

Z
Asg

sup
nX2N

jdnN j
 !p

þ C
XN	1

s¼0

XN	2

l¼s

Xl

k¼s

Z
Gk

sl

sup
nX2N

jDnN j
 !p

ARTICLE IN PRESS
P. Simon / Journal of Approximation Theory 127 (2004) 39–60 53



pC
XN	1

s¼0

Z
Is\Isþ1

2Nð1	ðaþ1ÞpÞ2ðaþ1Þps þ C2Nð1	ðaþ1ÞpÞ

�
XN	1

s¼0

X
g

Z
Asg

X
l

2ðaþ1Þpðglþ1	glÞ

þ C
XN	1

s¼0
2N2	ps

Z 1
0

wIN ðesÞ þ C
XN	1

s¼0

Z
Is\Isþ1

2Nð1	ðaþ1ÞpÞ

þ C
XN	1

s¼0

XN	2

l¼s

Z
Gsl

2N2	ðaþ1Þpl þ C
XN	1

s¼0

Z 1
0

2N2	pswIN ðesÞ

þ C
XN	1

s¼0

XN	2

l¼s

Xl

k¼s

Z
Gk

sl

ð2Nð1	pÞ2	apl þ 2N2	pl2	apkÞ

pC2Nð1	ðaþ1ÞpÞ
XN	1

s¼0
2ððaþ1Þp	1Þs þ C2Nð1	ðaþ1Þp

�
XN	1

s¼0
2	N

X
g

X
l

2ðaþ1Þpðglþ1	glÞ

þ C2Nð1	ðaþ1ÞpÞ
XN	1

s¼0
2	s þ C

XN	1

s¼0

XN	2

l¼s

2	s2ð1	ðaþ1ÞpÞl

þ C
XN	1

s¼0

XN	2

l¼s

Xl

k¼s

ð2Nð1	pÞ2	apl þ 2N2	pl2	apkÞ2k	N	s þ C

pC þ C2Nð1	ðaþ1ÞpÞ
XN	1

s¼0
2	N2ðaþ1ÞpðN	sÞ

þ C2	pN
XN	1

s¼0
2	s
XN	2

l¼s

2	apl
Xl

k¼s

2k

þ C
XN	1

s¼0
2	s
XN	2

l¼s

2	pl
Xl

k¼s

2ð1	apÞkpC:

(We used the fact that
P

g

P
l 2

ðaþ1Þpðglþ1	gl ÞpC2ðaþ1ÞpðN	sÞ:Þ
To complete the proof of Theorem 2 we need to estimate jsan2ðxÞj for N{n42N ;

xAIs\Isþ1 ðs ¼ 0;y;N 	 1Þ: Applying the decomposition of Ka
n2 (see the proof of

Theorem 1) let san2ðxÞ ¼ sa1n2ðxÞþ sa2n2ðxÞþ sa3n2ðxÞ where

sai
n2ðxÞ :¼

Z
IN

aðtÞKai
n2ðx ’þtÞ dt ði ¼ 1; 2; 3Þ:
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Then

jsa1n2ðxÞjp
1

Aa
n	1

Xq

k¼2
Aa

nðk	1Þ	1

Z
IN

jaðtÞjD2nk ðtn1ðx ’þtÞÞ dt

pCn	a2N=p
Xq

k¼2
ðnðk	1ÞÞa

Z
IN

D2nk ðtn1ðx ’þtÞÞ dt

pCn	a2N=p
Xq

k¼2
2ank

Z
IN

D2nk ðtn1ðx ’þtÞÞ dt

¼Cn	a2N=p
X

k¼2;nkXn1	s

?þ
X

k¼2;nkpn1	N

?þ
X

k¼2;n1	Nonkon1	s

?

 !

¼:Cn	a2N=p
X
1

þ
X
2

þ
X
3

 !
:

By (1) it follows immediately that D2nk ðtn1ðx ’þtÞÞ ¼ 0 ðnkXn1 	 sÞ for all tAIN ; i.e.P
1 ¼ 0: Furthermore, it is not hard to see thatX

2

pCn	a 2N=p
X

k¼2;nkpn1	N

2ank

and for xAGsl ðl ¼ s;y;N 	 1ÞX
3

pCn	a2N=p
X

k¼2;n1	Nonkpn1	l	1
2nk	n12ankpC2N=p2	ðaþ1Þl :

Therefore, the next estimation holds for all xAGsl ðl ¼ s;y;N 	 1Þ:Z
½0;1Þ\IN

sup
n

jsa1n2ðxÞj
	 
p

dx ¼
XN	1

s¼0

Z
Is\Isþ1

?

pC2Nð1	ðaþ1ÞpÞ
XN	1

s¼0
2	s þ C

XN	1

s¼0

XN	1

l¼s

Z
Gsl

2N2	ðaþ1Þpl

pC2Nð1	ðaþ1ÞpÞ þ C
XN	1

s¼0

XN	1

l¼s

2N2	ðaþ1Þpl2	s2l	NpC:

To the investigation of sa3n2ðxÞ we apply the estimation (see (2))

jKa3
n2ðxÞjpCn	a

Xq

k¼2

X2nk	2

j¼1
jAa	2

nðkÞþjþ1jjjKjðtn1ðxÞj

pCn	a
Xq

k¼2

Xnk	1

l¼0

X2lþ1	1

j¼2l

jAa	2
nðkÞþjþ1j

�
Xl

m¼0
2m
Xl

i¼m

ðD2iðtn1ðxÞÞ þ D2iðtn1ðxÞ ’þemÞÞ
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pCn	a
Xq

k¼2

Xnk	1

l¼0

X2lþ1	1

j¼2l

ðnðkÞ þ jÞa	2
Xl

i¼0
2iD2iðtn1ðxÞÞ

 

þ
Xl

i¼0

Xi	1
m¼0
2mD2iðtn1ðxÞ ’þemÞ

!
:

We remark that

X2lþ1	1

j¼2l

ðnðkÞ þ jÞa	2pC
X2lþ1	1

j¼2l

ja	2pC2ða	1Þl

so for every xAIs\Isþ1 ðs ¼ 0;y;N 	 1Þ

jsa3n2ðxÞjpC2N=pn	a
Xq

k¼2

Xnk	1

l¼0
2ða	1Þl

Xl

i¼0
2i

Z
IN

D2iðtn1ðx ’þtÞÞ dt

þ
Xl

i¼0
2i
Xi	1
m¼0
2i

Z
IN

D2iðtn1ðx ’þtÞ ’þemÞ dt

¼C2N=pn	a
Xq

k¼2

Xnk	1

i¼0
2i
Xnk	1

l¼i

2ða	1Þl
Z

IN

D2iðtn1ðx ’þtÞÞ dt

þ C2N=pn	a
Xq

k¼2

Xnk	1

i¼0

Xi	1
m¼0
2m
Xnk	1

l¼i

2ða	1Þl
Z

IN

D2iðtn1ðx ’þtÞ ’þemÞ dt

¼:GðxÞ þ HðxÞ:

Let us first investigated GðxÞ:

GðxÞpC2N=pn	a
Xq

k¼2;nkpn1	Nþ1

Xnk	1

i¼0
2i2ða	1Þi2	N

 

þ
Xq

k¼2;nk4n1	Nþ1

Xn1	N

i¼0
2i2ða	1Þi2	N

þ
Xq

k¼2;nk4n1	Nþ1

Xnk	1

i¼n1	Nþ1
2i2ða	1Þi

Z
IN

D2iðtn1ðx ’þtÞÞ dt

!
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11pC2Nð1=p	1Þn	a
Xq

k¼2;nkpn1	Nþ1
2ank þ

Xq

k¼2;nk4n1	Nþ1
2aðn1	NÞ

 !

þ C2N=pn	a
Xq

k¼2;nk4n1	Nþ1

Xnk	1

i¼n1	Nþ1
2ai

Z
IN

D2iðtn1ðx ’þtÞÞ dt

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;nk4n1	Nþ1

�
Xnk	1

i¼n1	Nþ1
2ai

Z
IN

D2iðtn1ðx ’þtÞÞ dt:

If l ¼ s;y;N 	 1 and xAGsl then

GðxÞpCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;nk4n1	l

Xnl	l	1

i¼n1	Nþ1
2ai2i2	n1

þ C2N=pn	a
Xq

k¼2;n1	lXnk4n1	Nþ1

Xnk	1

i¼n1	Nþ1
2ai 2i2	n1

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;nk4n1	l

2ðaþ1Þðn1	lÞ2	n1

þ C2N=pn	a
Xq

k¼2;n1	lXnk4n1	Nþ1

Xnk	1

i¼n1	Nþ1
2ðaþ1Þi2	n1

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pl2	ðaþ1Þl

þ C2N=pn	a
X

k¼2;n1	lXnk4n1	Nþ1
2ðaþ1Þnk2	n1

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pl2	ðaþ1Þl :

Now, let HðxÞ be estimated as follows:

HðxÞpC2N=pn	a
Xq

k¼2

Xnk	1

i¼0

Xi	1
m¼0
2m2ða	1Þi

Z
IN

D2iðtn1ðx ’þtÞ ’þemÞ dt

¼C2N=pn	a
Xq

k¼2;nkpn1	Nþ1

Xnk	1

i¼0
2ai2	N þ

Xq

k¼2;nk4n1	Nþ1

Xn1	N

i¼0
2ai2	N

 

þ
Xq

k¼2;nk4n1	Nþ1

Xnk	1

i¼n1	Nþ1

Xi	1
m¼0
2m2ða	1Þi

Z
IN

D2iðtn1ðx ’þtÞ ’þemÞ dt

!

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;nk4n1	Nþ1

Xnk	1

i¼n1	Nþ1

�
Xi	1
m¼0
2m2ða	1Þi

Z
IN

D2iðtn1ðx ’þtÞ ’þemÞ dt:
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Hence, from this it follows for xAG
j
sl ðl ¼ s;y;N 	 1; j ¼ s;y; l 	 1Þ that

HðxÞpCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;nk4n1	Nþ1

�
Xnkl	1

i¼n1	Nþ1

Xi	1
m¼0
2m2ða	1Þi2i2	n1 þ

Xnkl	1

i¼m	l

2n1	l2ða	1Þi2i2	n1

 !

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;nk4n1	Nþ1

�
Xnkl	1

i¼n1	Nþ1
2ai	N þ

Xnkl	1

i¼n1	l

2ai	l

 !

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;nk4n1	Nþ1
2	N2ankl þ 2	l2ankl
� �

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	a
Xq

k¼2;n1	lXnk4n1	Nþ1
2	N2ank

 

þ
Xq

k¼2;n1	jXnk4n1	l

ð2	N2aðn1	lÞ þ 2	l2ankÞ

þ
Xq

k¼2;nk4n1	j

ð2	N2aðn1	lÞ þ 2	l2aðn1	jÞÞ
!

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pn	að2	N2aðn1	lÞ þ ðl 	 jÞ2	N2aðn1	lÞ

þ 2	l2aðn1	jÞ þ jð2	N2aðn1	lÞ þ 2	l2aðn1	jÞÞÞ

pCN2Nð1=p	ðaþ1ÞÞ þ C2N=pððl 	 jÞ2	N2	al þ j2	N2	al þ j2	l2	ajÞ

pCN2Nð1=p	ðaþ1ÞÞ þ C2Nð1=p	1Þl2	al þ C2N=pj2	l2	aj;

where nkl :¼ minfn1 	 l; nkg:
By means of the above estimations we get for sa3n2a the next maximal inequality (see

(5)):

Z
½0;1Þ\IN

sup
n

jsa3n2aj
	 
p

pC
XN	1

s¼0

XN	1

l¼s

Z
Gsl

Gp þ C
XN	1

s¼0

XN	1

l¼s

Xl	1
j¼s

Z
G

j

sl

Hp

pC
XN	1

s¼0

XN	1

l¼s

ðNp2Nð1	ðaþ1ÞpÞ þ 2Nlp2	ðaþ1ÞplÞ2l2	N	s

þ C
XN	1

s¼0

XN	1

l¼s

Xl	1
j¼s

ðNp2Nð1	ðaþ1ÞpÞ

þ 2Nð1	pÞlp2	apl þ 2Njp2	pl2	apjÞ2j2	N	s
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pCNp2Nð1	ðaþ1ÞpÞ þ C
XN
l¼1

lp2lð1	ðaþ1ÞpÞ

þ C
XN	1

s¼0
2	s
XN	1

l¼s

Xl	1
j¼s

2	pNlp2	apl2j

þ C
XN	1

s¼0
2	s
XN	1

l¼s

Xl	1
j¼s

jp2jð1	apÞ2	pl

pC þ C2	pN
XN

l¼1
lp2lð1	apÞ þ C

XN
l¼1

lp2lð1	ðaþ1ÞpÞ

pC þ CNp2Nð1	ðaþ1ÞpÞpC: ð9Þ

Finally, we show that the estimation (9) remains true for supn jsa2n2aj instead of
supn jsa3n2aj: Indeed, by (2) it follows for Ka2

n2 that

jKa2
n2ðxÞjpCn	a

Xq

k¼2
2ða	1Þnk2nk	1jK2nk	1ðtn1ðxÞÞj

pCn	a
Xq

k¼2
2ða	1Þnk

Xnk	1

m¼0
2m
Xnk	1

i¼m

ðD2iðtn1ðxÞÞ þ D2iðtn1ðxÞ ’þemÞÞ:

Taking into consideration the estimation with respect to Ka3
n2 and the inequalityX2nk	1

j¼2nk	1

jAa	2
nðkÞþjþ1jpC

X2nk	1

j¼2nk	1

ðnðkÞ þ j þ 1Þa	2

pC

Z 2nk	1

2nk	1
ðnðkÞ þ xÞa	2 dxpC2ða	1Þnk

we getZ
½0;1Þ\IN

sup
n

jsa2n2aj
	 
p

pC

Z
½0;1Þ\IN

ðGp þ HpÞ:

This proves Theorem 2. &
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